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Abstract

The present work deals with torsional wave propagation in a linear gradient-elastic half-space. More specifically, we prove
that torsional surface waves (i.e. waves with amplitudes exponentially decaying with distance from the free surface) do
exist in a homogeneous gradient-elastic half-space. This finding is in contrast with the well-known result of the classical
theory of linear elasticity that torsional surface waves do not exist in a homogeneous half-space. The weakness of the
classical theory, at this point, is only circumvented by modeling the half-space as having material properties variable with
depth (E. Meissner, Elastische Oberflachenwellen mit Dispersion in einem inhomogenen Medium, Vierteljahrsschrift der
Naturforschenden Gesellschaft in Zurich 66 (1921) 181-195; I. Vardoulakis, Torsional surface waves in inhomogeneous
elastic media, Internat. J. Numer. Anal. Methods Geomech. 8 (1984) 287-296; G.A. Maugin, Shear horizontal surface acoustic
waves on solids, in: D.F. Parker, G.A. Maugin (Eds.), Recent Developments in Surface Acoustic Waves, Springer Series on
Wave Phenomena, vol. 7, Springer, Berlin, 1988, pp. 158-172), as a layered structure (Maugin, 1988; E. Reissner, Freie
und erzwungene Torsionsschwingungen des elastischen Halbraumes, Ingenieur-Archiv 8 (1937) 229-245) or by considering
couplings with electric and magnetic fields for different types of materials (Maugin, 1988). The theory employed here is the
simplest possible version of Mindlin’s (R.D. Mindlin, Micro-structure in linear elasticity, Arch. Rat. Mech. Anal. 16 (1964)
51-78) generalized linear elasticity. A simple wave-propagation analysis based on Hankel transforms and complex-variable
theory was done in order to determine the conditions for the existence of the torsional surface motions and to derive dispersion
curves and cut-off frequencies. Also, we notice that, up to date, no other generalized linear continuum theory (including the
integral-type non-local theory) has successfully been proposed to predict torsional surface waves in ahomogeneous half-space.
© 2000 Elsevier Science B.V. All rights reserved.

1. Introduction

The classical theory of linear elasticity fails to predict the propagation of tiyesonal surface waves in a
homogeneoubalf-space [1-3,4,6]. The criterion for freirfacewaves is that the displacement decays expo-
nentially with distance from the traction-free surface of the body. An analogous situation is also encountered
in the case of SH waves (i.e. anti-plane shear wave motions). On the contrary, both plane stress/strain and ax-
isymmetric surface waves of tHeayleightype are predicted by the classical theory of linear elasticity (see e.g.
[6-8]). However, surface waves of tisheartype (i.e. torsional and SH) are known to exist in the nature (see
e.g. [3,9,10]). As Maugin [3] points out this paradox within classical linear elasticity is only resolved by properly
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perturbingthe boundary conditions in the problem. In addition, Maugin [3] discerns between ‘mechanical’ pertur-
bations (Love waves, inhomogeneous substrate, zero-thickness interface, and surface curvature and roughness) and
‘non-mechanical’ perturbations (couplings of the acoustic problem with non-mechanical fields such as electric and
magnetic fields).

Inview of the works of Agmon etal.[11,12], Vekua [13] and Thompson [14], the situation concerning non-existence
of torsional and SH surface waves in a homogeneous (isotropic or anisotropic) half-space, within the context of
classical linear elasticity, is translated mathematically to the violation of the pertinerlementingor consis-
tency condition in a semi-infinite domain for the system consisting of a Helmholtz partial differential equation
(governing time-harmonic torsional motions in cylindrical-polar coordinates and SH motions in Cartesian coor-
dinates), a zero Neumann boundary condition at the traction-free surface and a finiteness condition at infinity. In
general, the complementing or consistency condition on boundary data in a boundary-value problem is a suitability
condition of them to the governing differential equation (or to the system of governing differential equations) (see
e.g. [11,12,15,16]). This condition may have a rather simple form when bounded domains are considered [16,17]
but has not an explicit form for a semi-infinite domain [11,12].

In particular, within the classical linear elasticity theory, Thompson [14] showed that the complementing condition
implies that all surface waves propagate with non-zero velocity. Therefore, this condition is obviously satisfied when
both dilatational and shear deformations are allowed to take place in the half-space, and thus, Rayleigh surface waves
are predicted by the classical theory in the cases of plane stress/strain and general axisymmetric motions. However,
the complementing condition is not satisfied in the casésrefonandanti-plane sheatn conclusion, the classical
linear elasticity theory exhibits a mathematical defect (i.e. ill-posedness) in some cases where a simple zero Neumann
condition does not conform to the governing Helmholtz equation in a half-space domain (see [13] for a proof of
the latter statement). Here, in the spirit of the analysis by Maugin [3] (i.e. by perturbingtrtireg boundary
condition of the classical theory), we consider a generalized linear continuum theory to praoegldaaization
of the aforementioned ill-posed torsional problem of classical elasticity. The corresponding case of SH waves was
also recently treated by the present authors [18].

The continuum theory employed in the present study was introduced by Vardoulakis and Sulem [19] as an
effective and simple version of Mindlin’s [5] general linear elasticity theory with micro-structure. Mindlin begins
with the very general concept of an elastic continuum each point (or element) of which is in iteftfranable
medium (i.e. a micro-medium embedded in the macro-medium). He introduced therefore a continuwmitwith
cells (micro-media) in order to model periodic structures like those of crystal lattices, molecules of a polymer,
crystallites of a polycrystal or grains of a granular material. Then, appropriate kinematical quantities are defined to
describe geometrical changes in both the macro- and micro-medium. As Toupin [20] notes if each micro-medium
is constrained to deform homogeneously, Mindlin’s continuum reverts to Ericksen and Truesdell’s [21] oriented
continuum with deformable directors. Also, Mindlin [5] demonstrated that his theory contains the linear equations
of the Cosserat theory [22] and couple stress theory [23,24] as a special case.

Interesting reviews and applications of the above generalized continuum theories and some simplified versions
of them are contained, for instance, in the works of Green [25], Muki and Sternberg [26,27], Weitsman [28,29],
Jaunzemis [30], Mindlin and Eshel [31], Herrmann and Achenbach [32], Eringen [33,34], Germain [35], Maugin
[36], Anderson and Lakes [37,38], and Aifantis [39]. It is evident from these works that Mindlin’s [5] theory is one
of the most completknear generalized continuum theories. However, in its general form, it involves an enormously
large number of material constants (903 constants!). A considerable simplification is gained by taking the so-called
relative deformation equal to zero [5]. Further, the work of Vardoulakis and co-workers [19,40,41,42] introduces a
simple expression for the strain-energy density (which involves the standard Lame constants and only two additional
constants) and provides a physical meaning to the extra terms. The additional constants are ‘internal’ characteristic
lengths and their appearance follows the fact that the theory introduces dependérigieesrorderdeformation
gradients. It is noticed that the presence of these characteristic lengths accentuates the importance of size effects,
and contrary to the classical theory, affords their incorporation into stress analysis. Finally, by utilizing this theory,
Georgiadis and Vardoulakis [43] attacked the anti-plane analogue of Lamb’s [6,8] problem (i.e. a half-space under
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a dynamic concentrated load at the surface) and found that, as opposed to the corresponding result of the classical
elasticity theory, the displacement was bounded even at the point of application of the load.

Therefore, in the present study free time-harmonic torsional motions are considered for a homogeneous gradient-
elastic half-space. The Hankel transform, elements of complex-variable theory and a parametric analysis of the
pertinent dispersion equation are utilized in order to determine the conditions for the existence of torsional surface
waves. Our analysis can be useful in wave-propagation studies (e.g. in relation with Non-Destructive Testing and
Evaluation) for materials exhibitingurface effectsSuch effects were discussed by Weitsman [29], Maugin [3,36],
Anderson and Lakes [37,38], Vardoulakis and Sulem [19], and Exadaktylos and Vardoulakis [42], among others,
and may occur because of damage of surface layers or because of an incomplete structure of edge cells near the
surface of solids. Finally, as regarden-linearaspects of surface waves, we refer to the recent work by Maugin
and co-workers (see e.g. [44,45]).

2. Basic preliminaries

In this section we briefly present the basic ideas and equations which describe the dynagrackenit-elastic
(dipolar or grade twoelastic) homogeneous materialghoutcouple-stress effects according to Mindlin [5], Green
[25], Jaunzemis [30], and Vardoulakis and co-workers [19,40—42]. The point of departure is the following expressions
for the strain-energy densit/ and kinetic-energy densiflyin a 3D continuum (which is composed wholly of unit
cells), with respect to a Cartesian coordinate sysbeaxoxs

W= %Cpqw'gpqgw‘ + %dpqwm"pw"jem + fpasjekpgs€jes 1)
1 .« . 1 4,2 . .
T = 3pipiy + goh” (Bpiig) (pitq) . (2

where €pqsj, Apgsjim, Fpgsji) are tensors of material constangss the mass densityfids the internal characteristic
length of thestructured continuurru,, is the displacement vectar,, = (1/2)(3,uy + d4up) is the usual linear
strain tensor withd, = 3/9x,, kpgs = 0p€qs = 9pésq, () denotes time differentiation, and the Latin indices span
the range (1,2,3).

Then, appropriate definitions for the stresses follow from the variatiéfi of

ow

Tpg = 5

, 3
0€pq (32)

W AW
Wcpgs  0(0pegs)’

wherer ), is the (symmetric) Cauchy stress tensor amg, = m,,, is the double (or dipolar) stress tensor. The
latter tensor follows from the notion ofultipolar forceswhich naturally arise from the following expansion of the
mechanical poweW! [30] M = Fuip,+ Fpq (0piig) + Fpqs(3,0415)+- - -, WwhereF , are the usual forces (monopolar
forces) within the classical continuum mechanics (monopolar continuum mechanic$j gy, ,...) are referred
to as multipolar forces (double forces, triple forces and so on). Thus, the resultant force on an ensemble of particles
(material cells) can be viewed as being decomposedearternalandinternal forces with the latter ones being
self-equilibrating. However, these self-equilibrating forces (which are multipolar forces) produeganishing
stresses (double stresses, triple stresses and so on).

Further, from Hamilton’s principle and variational considerations on (1) and (2), where the only independent
variation isdu,, [5], one obtains the followingquations of motiokin the absence of body forces) and traection
boundary conditions along a smooth boundary

(3b)

Mpgs =

5 5 . ph? 4
p(Tpg — OsMispg) = plig — T(app”q)’ (4)
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Ny Trs — nannlalmqrs - (nr (8ql - nqnl) o + ng (8r1 — nyny) 81) Mgrs

ph? }
+ (nan (8€j - i’l(l/lj) 8jnl — (8y1 — nyny) 8@”(1) Mgrs + an (Orits) = Py, (53)

nghyMmgrs = Ry, (5b)

wheren, is the outward unit normal to the smooth boundary, is the Kronecker deltaR; is the surface force
per unit area, an&; is the surface double force (without moment) per unit area. Force systenty; liiave been
considered by Love ([46], p. 187) and Jaunzemis ([30], p. 230). In addition tigp)acemenboundary conditions
were also derived by Vardoulakis and Sulem [19] but are omitted here since these are not relevant to our specific
problem.

Alternatively, from the analysis of Georgiadis and Vardoulakis [47] based on the momenta balance, the following
equations are obtained:

dp (qu +apg) = piig (6a)
ph? , .

IpM pgs + ags = 3 (0qiis) . (6b)

ng (qu + aqs) = Py, (7a)

NplgMpgs = Ry, (7b)

wherea,, = —oy, is the so-called relative stress tensor (which is workless in the present case of double forces
without moment). Obviously, Egs. (6a) and (6b) can be written asitigdeequation (4). Finally, the total stress
o pq (Which is asymmetric) is defined through

Opq = Tpg T Apg- (8)

Notice that the relative stress,, can explicitly be obtained only by (6b) and (3b). Then, the total stress may result
from (3a) and (8).
Now, the simplest possible form of the strain-energy density function in (1) is considered [19,40-42]
W = 3heppeqq + 1epgeqp + 30¢ (9spp) (Bs8qq) + 11 (38 pg) (Bsepg) + 3Absds (ppaq)
+ubyds (epgeap) - ©)

which, along with the definitions (3), leads to the followiognstitutive relations
Tpg = ()“Spqgm + lepq) + bs s (mpqg&s + 2”“817(1) ) (10)
Mspg = (b + cds) ()“Spqgjj + 2“817(1) ) (11)

where) andu are the standard Lame’s constatis, the gradient coefficient (positive constant with dimensions of
square lengthl; = by, is a material director, with; v, = 1 andb being another material parameter with dimensions

of length. Vardoulakis and co-workers [19,40—42] explained the meaning of the last two terms in the r.h.s. of (9) as
surface-energy terms by writing them under the form (using the Green—Gauss theorem)

/;V) Bs[bs(%ke,,,,eqq + e pgegp)]dV = b /(‘S)(%Ae,,psqq + e pgeqp)(vsnyg) dS, (12)
Wheref(v) denotes integration over the volurieof the body,f(s) integration over the surfacgenclosingV, and

n, is the outward unit normal to the smooth boundary. In the present study, we consider the particulgEcase
which seems natural for a body in the form of a half-space and which corresponds physically to a weakening
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or strengthening (this depends upon the choice of a positive or a negatrespectively) of the body along
the direction normal to the surface. In this wayrface effectg¢e.g. material decohesion or surface tension) can
directly be taken into account in the material constitutive behavior by introducing aaietropyin the material
response.

In summary, Egs. (4), (10) and (11) are the governing equations for the gradient elasticity theory with no couple
stresses in a Cartesi@x;xox3 coordinate system. Combining these equations leads to the field equation of the
problem. Pertinentiniquenessheorems have been proved for the more general Mindlin’s theory [31,48,49] on
the basis of the constraint of a positive definite strain-energy density. The latter restriction requires, in turn, the
following inequalities for the material constants appearing in the theory employed here [47]

(3\ +2u) > 0, (13a)
w >0, (13b)
¢c>0, (13c)
—1< (b)Y < 1. (13d)

Below, we also provide physicalargument for the necessity of (13c). In additistability for the field equation
was proved in [47] and to accomplish this the condition O is a necessary one.

Finally, an estimation for the gradient coefficientvas provided by Altan and Aifantis [50] within a simpler
gradient elasticity theory (i.e. omitting the surface-energy term). Theyiy@.25h)2, where his the characteristic
length of the material cell.

3. Governing equations for torsional motions in a half-space

Attention now is directed to thirsional dynamic motions in a gradient-elastic half-space with surface energy.
With respectto a system of cylindrical coordinate$ (z) having unitbase vectors( s, €,), the half-space occupies
the region (< r < 00, 2> 0), see Fig. 1. In this case the material director associated with the surface-energy term
takes the form

by=by=0, b.=b#0. (14)

In order to transform the governing equations (4), (10) and (11) into equations in cylindrical coordinates, we first
write the former ones in tensorialform and then usecale factors, physical componemtsd theinvarianceof
the form of certain operators (see e.g. [51]). If we omit the terms accounted for dilatational deformation in Egs.

7

Fig. 1. An elastic half-space in a torsional state.
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(4), (10) and (11) (notice that in the torsional case only shear motions exist), these equations have the following
tensorial form:

V.t —V-(V-m)=pii — [ (V- (Vii), (15)
T = 2ue + 2ube. - (Ve), (16)
m=2u[be, ®e+c(Ve)], (17)

whereas Eg. (6b) is written as
o =—-V-m +1 Vi) , (18)

wherel=ph?/3 is the micro-inertia coefficient.
Further, from the general exposition of Malvern [51] we take the pertinent scale factors as

hy=1 hg=r, h,=1, (19)
whereas the components of the displacement vector are

ur =u; =0, (20a)

ug =u(r,z,t) #0. (20b)
Of notice also are the following results:

(0e,/dr) = (0€,/9z) =0, (de./00) =€y, (d€/dr) = (0€/dz) =0,

(0ey/00) = —e., (0e;/dr) = (0e,/30) = (de;/dz) = 0. Finally, the strain tensor in the torsional case has
the physical components (see e.g. [51])

ou u

Yro = 28r9 = a_r . (21)
au
Yo = 2829 = 3_Z (22)

In view of the aforementioned results, the governing equations (15)—(17) take the following form

a0 2 dT.0 2m,g  °mye  0%mee  0%muy  30mee  1dmyy  20me
~Trp - + - + = + =

or + r 9z ar? ardz dzor 972 roor ro 9z ro 9z
10mg,r 1 0mgee n 10mg;, 1 1 n 1
- S - —Mgrr — —M —m
r or r or r 0z r2 orr r2 060 r2 ror
0% 1loi 1 d2ii
i1 Llou 1. ’ 23
pu <8r2+r8r r2u+ 8Z2) (23)
o dyro
Trg = Tor = UYro + Ub 9z (24a)
_ Y20
T = To; = UYz0 + Ub 9z (24b)
dYro
Myrg = Mygr = UC 4 s (25&)
ar
Yz
My = Mpg; = UC (25b)

ar ’
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Mzrg = Mzgr = Ubyre + jc a;/;), (25¢)
Mg = meg, = by + pc 3;/;9’ (25d)
Mggs = @%07 (25e)
morr =~y (25
Mgz = Mer; = —gyzew (259)

Inserting now (24a), (24b) and (25a)—(25g) in (23) and using (21) and (22), we obtdielthequationfor
torsional wave motions in a gradient-elastic half-space

o0 (= 1)~ (14 ) (o) = (V- ) - o *

whereVv?2 = [(82/3r2) + (1/r) (3/3r) + (8%/9z)] is the Laplace operator in cylindrical polar coordinates, and
V= (u/p)Y/? is the shear-wave velocity in ttbsencef gradient effects (i.e. in classical elasticity).In the absence
of gradient effects, i.e. whea=0, Eq. (26) degenerates into the standard wave equation of the second order
governing torsional motions (see e.g. [6]). Tdispersivecharacter of (26) can immediately be seen by writing
it as a wave equation with a non-constant coefficient (or better, with a coefficient in the form of an operator):
(cVZ = [1+4 (c/rD)]) (V2u — (u/r?) = (I/w)(VZi—ii/r?)—(1/ V?)ii. Finally, (26) implies that the propagation
ofawave ofthe formx(r, z = 0, 1) = ug-&-J1(Er)-exp(—iwt) satisfiefgh = V2(g+c£?) andw? = V2E2(g+c&2?),
whereC,;, = w/t is the phase velocity; is the propagation wave number (taken to be a real quaniity3,the
frequency of the cylindrical wave (also taken to be a real quantity)yaigla constant amplitude. Then, one may
observe that the conditioo>0 (i.e. relation (13c)plwayssecures, viz. independently 6f a real propagation
velocity, a fact which is most relevant to wave propagation problems.

Writing the governing equations for the present problem is completed by obtaining the total strgsses
79 + a9 andoy = 1,9 + a9 (See Eqg. (8)). Indeed, the relative stresses result from (18) as

/ dii u 3 0u N 3 N 33u 19%u ) 0%u  1du 273)
oy = — |-l ——"5—+5U+— ") — -———,
ro or ® ard3  r2or 3 0z20r r 9z2 H 9z0r r dz
dii 93u 1924 1lou 9% 92u
=7(Z) - eIl Y Acliest 27b
20 <Bz> He <8r23z rordz | 1297 8z3> Hos2 (270)

and in view also of (24a) and (24b), we finally obtain

e () on(3 ) w2 2) (3 -2).
o= (Z) on() (- 3) ()

Egs. (25a)-(259), (28a), and (28b) are the constitutive equations for the gradient-elastic response of a half-space
under torsional loading and Eq. (26) is the corresponding field equation in the gemes@ntcase. It is worthwhile
noticing that the surface-energy material constadbes not appear in Egs. (28a) and (28b) relating total stresses
and displacement gradients and also in Eq. (26); it only enters the problem through boundary conditions involving
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double stresses. In the sequestaady statés considered where, as is well-known (see e.g. [6]), the displacement
varies in the following time-harmonic manner:

u(r,z,t) = u(r, z) - exp(—iwt), (29)

where i= (—1)Y/? andw is the frequency. The above ‘decomposition’ reduces (26) to the form

1 u u
2 2 2 2 _
c(V—}z)(Vu—ﬁ)—g(Vu—ﬁ)—ku_O, (30)
and the stress—strain relation (28a) and (28b) to the form
du u 32+1a 4+32 du u (31a)
Org = — | —pu——pc\—=+-——=+ — —— -,
o = K8 or Mr * a2z ror r2  9z2 or r

d 1 ad
coman () o[- ) ()]

wherek= w/V andg=1—(w?l/ 1). In what follows, as is standard in this type of problems, it is implied that all
field quantities are to be multiplied by the time-harmonic factor ex@f) and that the real part of the resulting
expression is to be taken. The functiofn,z) obeying the fourth-order PDE (30) is calletetaharmonidunction
and can be written as the sum of two arbitrary solutions of two pertinent Helmholtz equations ([13], p. 206).

4. Integral-transform analysis

In order to suppress thedependence in the governing equations and the boundary conditiondattie|
transformof order one defined as follows is employed (see e.g. [52])

f*(E,Z)=f0 f@r,2) - Jar) -rdr, (32a)

f(V,Z)=/O [7¢,2) - JaEr) - £ dé, (32b)

whereJ;( ) is the Bessel function of the first kind of order one. Under the operation (32a) and assuming those
conditions foru(r,2) stated, e.g., in Section 154 of [52], Eqg. (30) is transformed intootiénary differential
equation

d4u* 2 d2u*
i —(zcs +g) 2

and we may extend, by analytic continuation, the range of the transform vagiatiie the whole complex plane
cut with pertinent branch lines.
Now, (33) has the following general solution:

Cc

+ (cg“ +g&2 — k2) ) (33)

u*(&,7) = C1(&) - €¥15 4 Co(8) - €% + C3() - €53 + Cu(8) - €%, (34a)

whereCy(§),. .., Ca(£) are unknown functions, and({,. . . X4) are the roots of the correspondinbaracteristic
guartic algebraic equation. However, in view of the fact that these roots occur in paifs=asX, andXz = —Xa,
aboundedsolution az— oo (i.e. one that satisfies tHmitenesscondition at infinity, see e.g. [13]) has the form

u*(,2) = B()-e P 4 C¢) -7 for z>0, (34b)
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A i Im(E)

+ilg|

=8l +18l
s
+g| - 0 ¢ ~lgl Re(g)
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=iyl f{+ilvl

+ily| -i Ivl
Fig. 2. The cut complex-plane for the functiong (&) andy (&).

provided that the-plane has been cut appropriately. In this c&(g) and C(¢) play the role of the unknown
functions and 8,y ) are the relevant roots given by

B=pBE) =(E>— a2 (35a)
with
[(g2 + 4ck®)V/2 — g]'?
o= 20172 >0, (35b)
y =y = &>+ HY2 (36a)
with
1/2
[(g2 + 4ck®)Y? 4 ¢]
_ T > 0. (36b)

Compatible with the above analysis is taking branch cutdor (8,y) shown in Fig. 2. Therefore, any inversion of
the type (32b) should be performed considering this restriction.
Finally, the transformed components of the total-stress tensor and double-stress tensor entering the boundary

conditions are obtained by operating with (32a) on (31b) and (25d) and by taking into account the general solution
in (34b)

0y, 2) = —uct’BB € P 4 pco’yCe ™’ forz >0, (37)

mlg(€,2) =p [(6/3 —b)BBe P 4 (cy —b)yC e*”z] forz > 0. (38)
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5. Free torsional surface waves

The criterion for surface waves in this case is that the displacem@etays exponentially with the distanze
from the free surface. Such a case fdramogeneoukalf-space is precluded according to the classical elasticity
theory [3] but can arise, as it is shown below, within the present gradient elasticity theory (Egs. (15)—(17)). Indeed,
in view of the analysis leading to (34b) we now explore the possibiligrofressive-wavsolutions to (26) having
the following form of a distinct harmonic component

(2,0 = [BE -7 1 @) - e ) £ O S ui 0 A £ e O (39)

where B,C) represent arbitrary amplitude functions denoting the relative dominance of a particular harmonic
component, the propagation wave numbas taken to be a real quantity, anfl,f) defined in (35a) and (36a)

are taken to beeal and positivefunctions. The latter restriction is satisfied if and onlyik |¢|. Taking areal

wave number excludes the possibility of localiztdndingwaves (i.e. leaky or evanescent motions), whereas the
frequency at which the wave number (for a particular mode) changes from real to imaginary (or complex) values
is the cut-off frequency. Below, we will see what are the conditions for the existence of torsional surface waves,
within gradient elasticity, and how cut-off frequencies for these waves can be determined. Finally, we notice that a
general surface-wave solution (synthesis) can be derived by (39) as a Hankel inversion integral

Ug (r7 2, t) = /oo u;k(é7 Z) ' Jl(ér) : E : e_lw(g)[ dg (40)
0

Then, the appropriatdispersionor frequency equatioiis obtained by enforcing the traction-free boundary
conditions along the half-space surface 0. From Egs. (5a) and (5b) or Egs. (7a) and (7b), one has

0,0(r,z=0=0 for 0<r < o0, (41a)
mye(r,z=0=0 for 0<r < oo. (41b)

The above conditions are transformed next according to (32a) and the general forms in (37) and (38) are considered
but now with B|= (£2—0?)Y? and }|= (£2+7%)%/? (with ¢ being real and such that < |¢[). In this way, the
following linear homogeneous system results for the unknown funcBaarsdC

—pct®|Bl - B + pea?ly| - C =0, (42a)

(c|Bl =D)IBI- B+ (clyl = D)lyl-C =0, (42b)
which has a non-trivial solution if and only if

—¢ [02(52 _o)M2 4 22 4 12)1/2] +ba? =0, (43)
with

2 | 4ck3)1/2
2=(g+ ) -0
c

a2502+r

(44)

Eqg. (43) is the dispersion equation for the motion of progressive torsional surface waves in a gradient-elastic
homogeneous half-space. It is noteworthy that the same equation also prevails in the propagation of SH surface
waves [18]. From this equation, dispersion curves were obtained and these will be presented below. Before this,
however, the following observations on (43) are in order: (i) Torsional surface waves exist if and o9 idnd
b>0; the casesc(=0) or (c# 0 andb=0) or (c£ 0 andb < 0) lead to non-existence of such waves. (ii) Eq. (43)
being anirrational algebraic equation imanomodelispersion equation and this is in some contrast with the infinity
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of modes resulting from transcendental equations, which correspond to non-homogeneous models of a half-space
supporting torsional surface waves [1,2,4].
In order now to present numerical results in an effective way, the following normalizations are intro-
duced:
1/2
§a=c &,

(45a)
wg = a)h/31/2V,

(45b)
and one may find that = 1 — cuj by virtue of the latter definition. Also, the phase velodiiy, and wavelength

A are introduced through the standard relati@hs = w/¢ and A =2n/¢, respectively. Three different relations
betweerh andc!/2 are then taken to obtain numerical results, fiz 2(3c)Y/2, (3c)/2 and (1/2)(8)Y/2, whereas
two different values ob’ =b/c'/2, viz. b/ = 0.5 and 0.9, are considered in each of the previous cases. All results
have been obtained with the help of MATHEMATICA.

Whenh = 2(3c)!/2, the solution of (43) reads as

12
b= 40§ — 110 + 110F — 4+ b4 — 60F +4) — 2'wh (W] + b2 — 1Y?]
-1
x (z}wg - 1‘) for wg # 1,

(46a)
g =1 +180HY240)t forwy = 1.

(46b)
In this case, there is a cut-off frequencyegt=1.000197 fort’ = 0.5 and aiw; = 0.439796 for’ = 0.9. Figs. 3
and 4 depict the variation of the normalized phase veldCjy/V with the normalized wave numbéh and the
normalized wavelength/h, respectively.

Cph/V
o2l
62 1 1
\
\
0.6 |- ‘ h=2+3c
]
(]
058
\
]
\
0.56 |- .‘ ,
\ ———} = 0.5
0.54 | \ P X )
\
\
0.52
0.5 |

it ppepmpmpmgy—y——— ST,
1 1 1 1 1 1 gh
5 10 15 20 25 30 35
Fig. 3. Dispersion curves for the propagation of torsional surface waves showing the variation of the normalized phaseGglbgitwith
the normalized wave numbeh, whenh = 2(3c)Y/2.
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Fig. 4. Dispersion curves for the propagation of torsional surface waves showing the variation of the normalized phaseGglbityith
the normalized wavelengttih, whenh = 2(3c)%/2.

Whenh = (3c)'/2, the solution of (43) is given as
1/2
£y = [wg — 204 4+ 207 — 1+ b2 (W} + 1) — 20 wf (wF + b'% — 1)1/2] (lof —1p~t for wq # 1, (47a)

gy = A +aHYV220)T for wy =1 (47b)

Now, there is a cut-off frequency at; = 1.732048 fort’ = 0.5 and aiw,; = 0.484316 for/ =0.9. Figs. 5 and 6
depict the variation o€, /V with £h anda/h, respectively.
Finally, whenh = (1/2)(3)Y/?, the solution of (43) reads as

£ = [(w§ — D@2+ 12 + %04+ 602 +1) — 802 - (2 +b? - 1)1/2]1/2 (‘wﬁ = 1‘) g (48)
In this case, a cut-off frequency occurs.gt=7.136990 foh’' = 0.5 and atv; = 2.492990 fo’ = 0.9. Figs. 7 and
8 show the variation of ,;/V with £h anda/h, respectively.

In all three cases, in th€,,/V vs. £h graph the cut-off frequencies correspond to the beginning of the graph in
the left-hand side of the figure, whereas in @g./V vs. A/h graph the cut-off wave numbers are the ones at which
each graph stops in the right-hand side of the figure. Generally, one may observe from the numerical results that the
values of the internal lengtiand the ratio of lengthis = b/c'/? play a significant role in the form of the dispersion
curves and in the occurrence of a cut-off frequency. In particular, we may conclude that the greater the internal
length is, the cut-off frequency occurs at a lower value.

Finally, another issue which merits discussion pertains to the form of the dispersion curves. Inthe 2638%/2,
both curves in Fig. 3 exhibit normal dispersion (i.€ 4/ds < 0), but in the casé= (3c)*/? andb’ =0.9 (Fig.

5) as the frequency increases anomalous dispersion @,g/dt > 0) is observed. Also, for even smaller internal
lengthsh, i.e. in the casé = (1/2)(X)/2, both curves in Fig. 7 exhibit anomalous dispersion. This finding reminds



H.G. Georgiadis et al./ Wave Motion 31 (2000) 333—348

345
Cph/V
1r : ~——
' '-_--‘-‘_-—-b--
: —"‘—‘
0.99 (] P -
1 'l’
[} »°
] ’
] /’
0.98 - '. ,,’ h=V3c
] U4
] U4
' U4
\ 4
0.97 \ /
U4
‘ / y
] K ——— b = ().§
(] / ,
0.96 - ] / —mmama= =09
1 [
' [
[ 4
1 [
4
0.95 - \
[
\ v
- 1 L 1 1 L 1 1 Sh
2.5 5 1.5 10 12.5 15 17.5

Fig. 5. Dispersion curves for the propagation of torsional surface waves showing the variation of the normalized phaseGglbgityith
the normalized wave numbéh, whenh = (3c)%/2.
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Fig. 6. Dispersion curves for the propagation of torsional surface waves showing the variation of the normalized phaseGglbityith
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analogous results for: (i) generalized Rayleigh surface waves in Cu cubic crystals [53], (ii) Stoneley interface waves
in a half-space with a superficial layer [54], and (iii) surface waves in liquids that posses surface tension [55].

6. Concluding remarks

The present analysis shows that the mere existence of torsional surface waves gives rise to justifying an extension
of classical linear elasticity so as to incorporate: (i) surface-energy terms, which are governed by the material
parameteb, (ii) volume strain-gradient terms, which are governed by the material paracnatet (i) micro-inertia
terms governed by the material paramétefurthermore, appropriate measurements revealing the true dispersion
relationship could be conducted on the basis of the present model. Our numerical results generally show the
dependence of cut-off frequencies and of the character of dispersiomgl—-anomaloysupon the size of the
material unit cell.
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